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Graded change of ring
GRADED CHANGE OF RING
FRED ROHRER
Abstract. We investigate scalar restriction, scalar extension, and scalar coextension
functors for graded modules, including their interplay with coarsening functors, graded
tensor products, and graded Hom functors. This leads to several characterisations of
epimorphisms of graded rings.
Introduction
By a group or a ring we always mean a commutative group or a commutative ring.
A morphism of rings h : R → S induces certain change of ring functors, namely the
ubiquitous scalar extension
h∗ : Mod(R)→ Mod(S)
and scalar restriction
h∗ : Mod(S)→ Mod(R)
([2, II.1.13, II.5]), as well as the slightly less prominent scalar coextension
h˜ : Mod(R)→ Mod(S)
([2, II.5.1 Remarque 4], [4, II.6], [9, 5.1]). If h : R→ S is a morphism of G-graded rings
for some group G, then analogue functors between the categories of G-graded modules
can be defined. It is the goal of this article to comprehensively study the three functors
h∗, h∗ and h˜ in such a graded setting. In accordance with the yoga of coarsening (cf.
[14]), we consider throughout an epimorphism of groups ψ : G→ H and investigate the
behaviour of the above three functors with respect to the coarsening functor
•[ψ] : Mod
G(R)→ ModH(R[ψ]).
Most of the results in this article are rather easy to prove and moreover not astonishing
at all. Exceptions might be the various characterisations of epimorphisms of (graded)
rings (4.8) and its corollary about preservation of epimorphisms of graded rings by
coarsening functors (4.9).) However, when working with graduations it seems desirable to
have a such a comprehensive treatment in written form, which to the authors knowledge
was not available previously.
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In Section 1 we collect some preliminaries on graded modules and coarsening functors.
Most of them may be well-known, but for lack of reference and ease of readability we
often provide detailed explanations and full proofs.
In Section 2 we define the change of ring functors h∗, h
∗ and h˜ and investigate their
behaviour under coarsening (2.1, 2.2, 2.3). One should note that since Hom functors
need not commute with coarsening in general ([14, Section 3]), neither need h˜. As a
byproduct we get the graded version of the Hom-tensor adjunction (2.5), and as an
application thereof we derive some properties of the canonical morphisms
HomGR(L,M)⊗R N → Hom
G
R(L,M ⊗R N)
and
M ⊗R N → Hom
G
R(Hom
G
R(M,R), N),
where Hom is understood to be taken in the category of G-graded R-modules (2.7, 2.8).
Section 3 starts with recognising an adjunction (h∗, h∗) whose counit is an epimorph-
ism, and whose unit is a mono-, epi- or isomorphism if and only if h, considered as a
morphism of G-graded R-modules, is pure, an epimorphism, or an isomorphism, and an
adjunction (h∗, h˜) whose unit is a monomorphism, and whose counit is a mono-, epi-
or isomorphism if and only if h, considered as a morphism of G-graded R-modules, is
an epimorphism, a section, or an isomorphism (3.2, 3.5, 3.6). Then, we have a look at
exactness properties of change of ring functors. The aformentioned adjunctions cause h∗
and h∗ to commute with inductive limits and h∗ and h˜ to commute with projective lim-
its. Additionally, we show that the following statements are equivalent: (i) h˜ commutes
with inductive limits; (ii) h∗ commutes with projective limits; (iii) h∗(S) is projective
and of finite type; (iv) the adjoint triple (h∗, h∗, h˜) can be extended to the left and the
right (3.9, 3.11). Moreover, in this case we describe these further adjoints (3.13) and
get as an application a graded version of Morita’s characterisation of the coincidence of
scalar extension and coextension ([10]): We have h∗ ∼= h˜ if and only if h∗(S) is projective
and of finite type and h˜(R) ∼= S (3.14).
Section 4 is about the interplay of change of ring functors with tensor products and
Hom functors. We construct and study an isomorphism
δh : h∗(•)⊗S h
∗( )→ h∗(• ⊗R ),
an epimorphism
γh : h∗(•)⊗R h∗( )→ h∗(• ⊗S ),
and a morphism
εh : h˜(•) ⊗S h˜( )→ h˜(• ⊗R )
that need neither be a mono- nor an epimorphism (4.1, 4.2, 4.3). We also construct a
monomorphism
ηh : h∗(Hom
G
S (•, ))→ Hom
G
R(h∗(•), h∗( ))
and a morphism
ϑh : h∗(HomGR(•, ))→ Hom
G
S (h
∗(•), h∗( ))
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that need neither be a mono- nor an epimorphism (4.4, 4.5). (Unfortunately, the
author was not able to find a reasonable morphism between h˜(HomGR(•, )) and
HomGS (h˜(•), h˜( )).) Finally, we show that the following statements are equivalent:
(i) h is an epimorphism of G-graded rings; (ii) γh is an isomorphism; (iii) ηh is an
isomorphism; (iv) the counit of (h∗, h∗) is an isomorphism; (v) the unit of (h∗, h˜) is an
isomorphism (4.8). This contains a graded version of Roby’s characterisation of epi-
morphisms ([13]). As a corollary we get that coarsening functors preserve epimorphisms
of graded rings (4.9).
Notation. In general, notation and terminology follow Bourbaki’s E´le´ments de
mathe´matique. Additionally, we denote by Ab the category of groups and by ModG(R)
the category of G-graded R-modules (for a group G and a G-graded ring R). Further
notation and terminology concerning graded rings and modules follow [14]. In particu-
lar, for an epimorphism ψ : G։ H of groups we denote by •[ψ] the ψ-coarsening functor
from the category of G-graded rings to the category of H-graded rings as well as the
ψ-coarsening functor from ModG(R) to ModH(R[ψ]) (for a G-graded ring R).
Throughout the following, we fix an epimorphism of groups ψ : G։ H and a morph-
ism of G-graded rings h : R→ S. If we consider h as a morphism of G-graded R-modules
(from R to h∗(S), cf. 2.1), then we denote it by h.
1. Preliminaries on graded modules
(1.1) Even though the notion of adjoint functors is crucial for our investigation, we use
only the very modest amount of results from category theory recalled below.
A) Let F : C→ D and G : D→ C be functors, and let ρ : IdC → G◦F and σ : F ◦G→
IdD be morphisms of functors. If (σ ◦F )◦ (F ◦ρ) = IdF and (G◦σ)◦ (ρ◦G) = IdG, then
there is an adjunction (F,G), and ρ and σ are called its unit and its counit ([8, 1.5.3]).
B) Left (or right) adjoint functors are unique up to unique isomorphisms ([8, 1.5.3]).
C) Let F : C → D, F ′ : D → E, G : D → C and G′ : E → D be functors. If there are
adjunctions (F,G) and (F ′, G′), then there is an adjunction (F ′ ◦ F,G ◦G′) ([8, 1.5.5]).
D) Let F : C → D be a functor. If F has a left (or right) adjoint, then it commutes
with projective (or inductive) limits ([8, 2.1.10]). The converse holds if C is an AB5
category with a generator ([8, 9.6.4]).
E) Let (F,G) be an adjunction with unit ρ and counit σ. If F is faithful then ρ is a
monomorphism; if G is faithful then σ is an epimorphism ([16, 16.5.3]).
F) A functor commutes with projective (or inductive) limits if and only if it is left (or
right) exact and commutes with product (or coproducts) ([7, I.6.4.4]).
(1.2) The category ModG(R) is abelian, fulfils AB5 and AB4∗, and has a projective
generator and an injective cogenerator ([11, A.I.1]). If g ∈ G, then the g-shift functor
•(g) : ModG(R) → ModG(R) is an isomorphism of categories (with inverse •(−g)) and
3
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thus commutes with inductive and projective limits. These basic facts will be used freely
throughout the following.
(1.3) The ψ-coarsening functor •[ψ] : Mod
G(R)→ ModH(R[ψ]) is faithful, conservative,
exact, and commutes with inductive limits; it commutes with projective limits if and
only if Ker(ψ) is finite ([14, Proposition 1.2, Theorem 1.3], 1.1 D)). In general, for a
projective system F : I → ModG(R) there is a canonical morphism
(lim
←−i∈I
F (i))[ψ] → lim←−i∈I
(F (i)[ψ])
in ModH(R[ψ]).
(1.4) It follows on use of [11, A.I.2.1] that a morphism u in ModG(R) is a section (or
a retraction) if and only if u[ψ] is so. Therefore, a short exact sequence S in Mod
G(R) is
split if and only if the short exact sequence S[ψ] in Mod
H(R[ψ]) is split.
(1.5) A G-graded R-module M is called free (of finite rank) if M ∼=
⊕
i∈I R(gi) for
some (finite) family (gi)i∈I in G. IfM is free (of finite rank) then so isM[ψ]; the converse
need not hold ([11, A.I.2.6.2]).
A G-graded R-module M is called of finite type (or of finite presentation) if there is
an exact sequence L→M → 0 (or L′ → L→M → 0) in ModG(R) with L (and L′) free
of finite rank. This holds if and only if M[ψ] is of finite type (or of finite presentation).
Indeed, •[ψ] preserves both properties by the first paragraph and 1.3. For the converses
we may suppose that H = 0. If M[0] is of finite type then the set of homogeneous
components of the elements of a finite generating set of M[0] is a finite homogeneous
generating set of M , hence M is of finite type. If M[0] is of finite presentation then by
the above there is an epimorphism p : L ։ M in ModG(R) with L free of finite rank,
hence Ker(p)[0] = Ker(p[0]) is of finite type by [2, X.1.4 Proposition 6] and 1.3, thus so
is Ker(p) by what we have already shown. Therefore, M is of finite presentation.
(1.6) A) The G-graded tensor product bifunctor
• ⊗R : Mod
G(R)2 → ModG(R)
maps a pair (M,N) of G-graded R-modules to the G-graded R-module
M ⊗R N =
⊕
g∈G
( ⊕
g′+g′′=g
Mg′ ⊗R0 Mg′′
)
and commutes with ψ-coarsening, i.e., there is an isomorphism of functors
(• ⊗R )[ψ] ∼= (•[ψ])⊗R[ψ] ( [ψ]).
For g ∈ G there are isomorphisms
(•(g)) ⊗R ∼= • ⊗R ( (g)) ∼= (• ⊗R )(g).
B) A G-graded R-module M is called flat if M ⊗R • : Mod
G(R)→ ModG(R) is exact.
By [11, A.I.2.18], M is flat if and only if M[ψ] is so.
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C) A morphism u : M → N in ModG(R) is called pure if u⊗R • : M ⊗R • → N ⊗R •
is a monomorphism. By [11, A.I.2.20], u is pure if and only if u[ψ] is so.
(1.7) A) The G-graded Hom bifunctor
HomGR(•, ) : Mod
G(R)2 → ModG(R)
maps a pair (M,N) of G-graded R-modules to the G-graded R-module
HomGR(M,N) =
⊕
g∈G
Hom
Mod
G(R)
(M,N(g)),
and there is a canonical monomorphism
βψ : HomGR(•, )[ψ] ֌ Hom
H
R[ψ]
(•[ψ], [ψ]).
If M is a G-graded R-module, then βψM,N is an isomorphism for every G-graded R-
module N if and only if Ker(ψ) is finite or M is small ([14, 3.6], cf. 1.8 A)). For g ∈ G
there are isomorphisms
HomGR(•(g), )
∼= HomGR(•, (−g))
∼= HomGR(•, )(−g).
B) A G-graded R-moduleM is called projective if Hom
Mod
G(R)
(M, •) : ModG(R)→ Ab
is exact, and this holds if and only if HomGR(M, •) : Mod
G(R) → ModG(R) is exact.
Furthermore, M is projective (and of finite type) if and only if it is a direct summand of
a free G-graded R-module (of finite rank). In particular, projective G-graded R-modules
are flat. By [11, I.2.2], M is projective if and only if M[ψ] is so. It follows thus from
1.5, 1.6 B), and the corresponding ungraded statement ([2, X.1.5]), that a G-graded
R-module is flat and of finite presentation if and only if it is projective and of finite
type.
(1.8) A) Let M be a G-graded R-module. For a family N = (Nj)j∈J of G-graded
R-modules there are canonical monomorphisms
λM,N :
⊕
j∈J
Hom
Mod
G(R)
(M,Nj)֌ HomModG(R)(M,
⊕
j∈J
Nj)
in Ab and
ΛM,N :
⊕
j∈J
HomGR(M,Nj)֌ Hom
G
R(M,
⊕
j∈J
Nj)
in ModG(R), both with (uj)j∈J 7→ (x 7→ (uj(x))j∈J) for uj ∈ Hom
Mod
G(R)
(M,Nj) or
uj ∈ Hom
G
R(M,Nj)
hom, resp., for j ∈ J and x ∈ Mhom. The G-graded R-module M is
called small if λM,N is an isomorphism for every N, and this holds if and only if ΛM,N is
an isomorphism for every N. IfM is of finite type then it is small, but the converse need
not hold ([12, 2◦, 5◦]); it does hold ifM is projective by 1.5, 1.7 B), and the corresponding
ungraded statement in the proof of [1, II.1.2]. Setting N[ψ] := ((Nj)[ψ])j∈J there is a
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commutative diagram
(
⊕
j∈J Hom
G
R(M,Nj))[ψ]
//
(ΛM,N)[ψ] //


HomGR(M,
⊕
j∈J Nj)[ψ]

βψ
M,
⊕
j∈J Nj
⊕
j∈J Hom
H
R[ψ]
(M[ψ], (Nj)[ψ]) //
ΛM[ψ],N[ψ] // HomHR[ψ](M[ψ],
⊕
j∈J(Nj)[ψ])
in ModH(R[ψ]), where the left vertical morphism is induced by (β
ψ
M,Nj
)j∈J . If M is
small or Ker(ψ) is finite, then both vertical morphisms are isomorphisms (1.3, 1.7 A)).
Furthermore, M is small if and only if M[ψ] is so ([14, 3.2]).
B) The G-graded ring R is called steady if a G-graded R-module is small if and only
if it is of finite type. If R is noetherian then it is steady, but the converse need not hold
([6, 3.5], [12, 7◦, 10◦]). If R is steady and h is surjective, then S is steady ([5, 1.9]). If
R[ψ] is steady then so is R; the converse holds if Ker(ψ) is finite ([14, 3.3]).
C) LetM and N be G-graded R-modules. IfM and N are small then so isM⊗RN by
A), 1.6 A) and the corresponding ungraded statement ([6, 1.4]). Conversely, ifM⊗RN is
small then neitherM nor N need be small; an (ungraded) counterexample is given by the
steady ring Z and the non-small Z-modules Q and (Z/2Z)⊕N, for Q⊗
Z
(Z/2Z)⊕N = 0
is small.
D) Let M and N be G-graded R-modules. If HomGR(M,N) is small then neither
M nor N need be so. An (ungraded) counterexample is given by the steady ring Z,
a finite group A, and the non-small Z-modules A⊕N and Q, for Hom
Z
(A⊕N,Q) ∼=
Hom
Z
(A,Q)N = 0 is small. Conversely, if M and N are small then HomGR(M,N)
need not be small.1 For an (ungraded) counterexample, we consider a field K and the
local ring R = K[(Xi)i∈N]/〈XiXj | i, j ∈ N〉 whose maximal ideal m is not of finite
type. Then, R is steady ([12, 10◦], B)) and the R-module M = R ⊕ R/m is small, but
HomR(M,M)
∼= R⊕R/m⊕m⊕R/m has a direct summand that is not small.
(1.9) A) Let M be a G-graded R-module. For a family N = (Nj)j∈J of G-graded
R-modules there is a canonical morphism κM,N : (
∏
j∈J Nj)⊗RM →
∏
j∈J(Nj⊗RM) in
Mod
G(R) with (xj)j∈J⊗y 7→ (xj⊗y)j∈J for (xj)j∈J ∈ (
∏
j∈J Nj)
hom and y ∈Mhom that
need be neither a mono- nor an epimorphism ([17, 059I]). Setting N[ψ] := ((Nj)[ψ])j∈J
there is a commutative diagram
((
∏
j∈J Nj)⊗R M)[ψ]
(κM,N)[ψ] //

(
∏
j∈J(Nj ⊗R M))[ψ]

(
∏
j∈J(Nj)[ψ])⊗R[ψ] M[ψ]
κN[ψ],M[ψ] //
∏
j∈J((Nj)[ψ] ⊗R[ψ] M[ψ])
1For a positive result see 1.15.
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in ModH(R[ψ]) where the vertical morphisms are induced by the canonical ones. If
Ker(ψ) is finite then both vertical morphisms are isomorphisms (1.3, 1.6 A)).
B) If M is free of finite rank then κM,N is an isomorphism for every family N of
G-graded R-modules. Indeed, for a finite family (gi)i∈I in G and a family N = (Nj)j∈J
of G-graded R-modules we have a commutative diagram
(
∏
j∈J Nj)⊗R (
⊕
i∈I R(gi))
κL,N //
∼=

∏
j∈J(Nj ⊗R (
⊕
i∈I R(gi)))
∼=
∏
j∈J
⊕
i∈I(Nj ⊗R (R(gi)))
a ∼=
⊕
i∈I((
∏
j∈J Nj)⊗R (R(gi)))
⊕
i∈I κR(gi),N //
∼=

⊕
i∈I
∏
j∈J(Nj ⊗R (R(gi)))
∼=
⊕
i∈I(
∏
j∈J Nj)(gi)
∼= //
⊕
i∈I
∏
j∈J(Nj(gi))
in ModG(R) where the unmarked morphisms are the canonical ones and a is an iso-
morphism because J is finite (1.6 A)). This yields the claim.
(1.10) Proposition Let M be a G-graded R-module.
a) The following statements are equivalent: (i) κM,N is an epimorphism for every
family N of G-graded R-modules; (ii) κM,N is an epimorphism for every family N of
flat G-graded R-modules; (iii) M is of finite type.
b) The following statements are equivalent: (i) κM,N is an isomorphism for every
family N of G-graded R-modules; (ii) κM,N is an isomorphism for every family N of
flat G-graded R-modules; (iii) M is of finite presentation.
Proof. a) Suppose that (ii) holds, so that the map
RM
hom
⊗R M →M
Mhom ,
n∑
j=1
((b(j)m )m∈Mhom ⊗ a
(j)) 7→ (b(j)m a
(j))m∈Mhom
is surjective. There exist n ∈ N, b
(j)
m ∈ R for j ∈ [1, n] and m ∈ Mhom, and a(j) ∈ M
for j ∈ [1, n] with (m)m∈Mhom = (
∑n
j=1 b
(j)
m a(j))m∈Mhom . Hence, if m ∈ M
hom then
m =
∑n
j=1 b
(j)
m a(j). This shows that M = 〈a(j) | j ∈ [1, n]〉R, thus (iii) holds.
Suppose that (iii) holds, so that we have an epimorphism L։M in Mod(R) with L
free of finite rank. Let N = (Nj)j∈J be a family of G-graded R-modules. By 1.9 B) we
have a commutative diagram
(
∏
j∈J Nj)⊗R L
// //
∼=κL,N

(
∏
j∈J Nj)⊗R M
κM,N
∏
j∈J(Nj ⊗R L)
// //
∏
j∈J(Nj ⊗R M)
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in ModG(R), implying that κM,N is an epimorphism and thus (i).
b) Suppose that (ii) holds. By a) there is an exact sequence
0 −→ K −→ L −→M −→ 0
in ModG(R) with L free of finite rank. Let N = (Nj)j∈J be a family of flat G-graded
R-modules. By (ii) and a) we have a commutative diagram with exact rows
(
∏
j∈J Nj)⊗R K
//
κK,N

(
∏
j∈J Nj)⊗R L
//
κL,N

(
∏
j∈J Nj)⊗RM
//
∼=κM,N

0
0 //
∏
j∈J(Nj ⊗R K)
//
∏
j∈J(Nj ⊗R L)
//
∏
j∈J(Nj ⊗RM)
// 0
in ModG(R). The Snake Lemma ([17, 010H]) implies that κK,N is an epimorphism,
hence K is of finite type by a), and thus (iii) holds.
Suppose that (iii) holds, so that we have an exact sequence L′ −→ L −→ M → 0 in
Mod
G(R) with L and L′ free of finite rank. Let N = (Nj)j∈J be a family of G-graded
R-modules. By 1.9 B) we have a commutative diagram with exact rows
(
∏
j∈J Nj)⊗R L
′ //
∼=κL′,N

(
∏
j∈J Nj)⊗R L
//
∼=κL,N

(
∏
j∈J Nj)⊗R M
//
κM,N

0
∏
j∈J(Nj ⊗R L
′) //
∏
j∈J(Nj ⊗R L)
//
∏
j∈J(Nj ⊗R M)
// 0
in ModG(R). The Five Lemma ([17, 05QB]) implies that κM,N is an isomorphism and
thus (i). 
(1.11) Corollary Let M be a G-graded R-module. Then, κM,N is an epimorphism
(or isomorphism) for every family N of G-graded R-modules if and only if κM[ψ],N is so
for every family N of H-graded R[ψ]-modules.
Proof. Immediately from 1.5 and 1.10. 
(1.12) For G-graded R-modules L, M and N there is a morphism
τL,M,N : L⊗R Hom
G
R(M,N)→ Hom
G
R(Hom
G
R(L,M), N)
in ModG(R) with x ⊗ u 7→ (v 7→ u(v(x))) for x ∈ Lhom, u ∈ HomGR(M,N)
hom and v ∈
HomGR(L,M)
hom that is natural in L, M and N . In particular, for a G-graded R-module
L the morphism τL,R,R composed with the canonical isomorphism L ∼= L⊗RHom
G
R(R,R)
yields a morphism
τL : L→ Hom
G
R(Hom
G
R(L,R), R), x 7→ (u 7→ u(x))
in ModG(R) that is natural in L.
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(1.13) Proposition Let L, M and N be G-graded R-modules. If L is projective then
τL,M,N is a monomorphism. If L is projective and of finite type then τL,M,N is an
isomorphism.2
Proof. Let L′ be a further G-graded R-module. Setting P := HomGR(M,N), Q :=
HomGR(L,M) and Q
′ := HomGR(L
′,M), there is a commutative diagram
(L⊕ L′)⊗R P
τL⊕L′,M,N //
∼=

HomGR(Hom
G
R(L⊕ L
′,M), N)
∼=
(L⊗R P )⊕ (L
′ ⊗R P )
τL,M,N⊕τL′,M,N // HomGR(Q,N)⊕Hom
G
R(Q
′, N)
in ModG(R) where the vertical morphisms are the canonical ones. Thus, τL⊕L′,M,N is an
isomorphism if and only if τL,M,N and τL′,M,N are so. So, for the first (or second) claim
we can henceforth suppose that L is free (of finite rank) (1.7 B)). If L =
⊕
i∈I R(gi) for
a family (gi)i∈I in G, then there is a commutative diagram
(
⊕
i∈I R(gi))⊗R Hom
G
R(M,N)
τL,M,N //
∼= 
HomGR(Hom
G
R(
⊕
i∈I R(gi),M), N)
∼=⊕
i∈I(R(gi)⊗R Hom
G
R(M,N))
∼= 
HomGR(
∏
i∈I Hom
G
R(R(gi),M), N)
∼=⊕
i∈I Hom
G
R(M,N(gi)))


HomGR(
∏
i∈IM(−gi), N)
∏
i∈I Hom
G
R(M,N(gi)))
∼= // HomGR(
⊕
i∈IM(−gi), N)
in ModG(R) where the unmarked morphisms are the canonical ones (1.6 A), 1.7 A)),
implying that τL,M,N is a monomorphism. For the second claim we can by 1.6 A) suppose
that L = R, and then it is clear. 
(1.14) Corollary Let M be a G-graded R-module. If M is projective then τM is a
monomorphism. If M is projective and of finite type then τM is an isomorphism.
Proof. Immediately from 1.13. 
(1.15) Proposition Let M be a projective G-graded R-module of finite type.
a) If N is a G-graded R-module that is small (or of finite type), then so is
HomGR(M,N).
b) HomGR(M,R) is projective and of finite type.
2For G = 0 this generalises [2, II.4 Exercice 6 b)].
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Proof. a) Let L = (Lj)j∈J be a family of G-graded R-modules. There is a commutative
diagram
⊕
j∈J(M ⊗R Hom
G
R(N,Lj))
⊕
j∈J τM,N,Lj //
∼=

⊕
j∈J Hom
G
R(Hom
G
R(M,N), Lj)

Λ
HomG
R
(M,N),L

M ⊗R (
⊕
j∈J Hom
G
R(N,Lj))
M⊗RΛN,L

M ⊗R Hom
G
R(N,
⊕
j∈J Lj)
τM,N,
⊕
j∈J Lj // HomGR(Hom
G
R(M,N),
⊕
j∈J Lj)
in ModG(R) where the unmarked morphism is the canonical one. If M is projective
and of finite type and N is small, then both horizontal morphisms and M ⊗R ΛN,L are
isomorphisms (1.13), hence ΛHomGR(M,N),L
is an isomorphism, too, and thus HomGR(M,N)
is small. If N is additionally of finite type then there exists a finite family (gi)i∈I in
G such that M is a direct summand of
⊕
i∈I R(gi) (1.7 B)), hence Hom
G
R(M,N) is a
direct summand of HomGR(
⊕
i∈I R(gi), N)
∼=
⊕
i∈I N(−gi) (1.7 A)), and as this G-graded
R-module is of finite type, the same holds for HomGR(M,N).
b) As in a) we see that HomGR(M,R) is a direct summand of the free G-graded R-
module
⊕
i∈I R(−gi) and thus projective. 
(1.16) A) For G-graded R-modules L, M and N there is a commutative diagram
(L⊗R Hom
G
R(M,N))[ψ]
(τL,M,N )[ψ] //
∼=

HomGR(Hom
G
R(L,M), N)[ψ]

βψ
HomG
R
(L,M),N

L[ψ] ⊗R[ψ] Hom
G
R(M,N)[ψ]
L[ψ]⊗R[ψ]β
ψ
M,N

HomHR[ψ](Hom
G
R(L,M)[ψ], N[ψ])
L[ψ] ⊗R[ψ] Hom
H
R[ψ]
(M[ψ], N[ψ])
τL[ψ],M[ψ],N[ψ] // HomHR[ψ](Hom
H
R[ψ]
(L[ψ],M[ψ]), N[ψ]).
HomHR[ψ]
(βψ
L,M
,N[ψ])
OO
in ModH(R[ψ]), where the unmarked morphism is the canonical one. If Ker(ψ) is finite,
or if L is projective and of finite type and M is small, then all the vertical morphisms
are isomorphisms (1.6 A), 1.7 A), 1.8 A), 1.15 a)).
B) For a G-graded R-module M there is a commutative diagram
M[ψ]
τM[ψ]

(τM )[ψ] // HomGR(Hom
G
R(M,R), R)[ψ]

βψ
HomG
R
(M,R),R

HomHR[ψ](Hom
H
R[ψ]
(M[ψ], R[ψ]), R[ψ]) //
HomHR[ψ]
(βψ
M,R
,R[ψ])
// HomHR[ψ](Hom
G
R(M,R)[ψ], R[ψ])
10
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in ModH(R[ψ]). If Ker(ψ) is finite, or if M is projective and of finite type, then the right
vertical and the lower horizontal morphism are isomorphisms (1.7 A), 1.8 A), 1.15 a)).
2. Change of ring functors
(2.1) For a G-graded S-module M we define a G-graded R-module h∗(M) as follows:
Its underlying additive group and its G-graduation are those of M ; its R-scalar mul-
tiplication is given by rx = h(r)x for r ∈ Rhom and x ∈ Mhom, where the right side
product is the S-scalar multiplication of M . If u : M → N is a morphism in ModG(S),
then its underlying map defines a morphism h∗(M) → h∗(N) in Mod
G(R), denoted by
h∗(u). These definitions give rise to a faithful and conservative functor
h∗ : Mod
G(S)→ ModG(R),
called scalar restriction (from S to R) by means of h. It is clear from the above that
scalar restriction by means of h commutes with ψ-coarsening, i.e.,
h∗(•)[ψ] = (h[ψ])∗(•[ψ]).
(2.2) A) For a G-graded S-module M and a G-graded R-module N we define a G-
graded S-moduleM⊗RN as follows: Its underlying additive group and its G-graduation
are those of h∗(M)⊗R N ; its S-scalar multiplication is given by s(x⊗ y) = (sx)⊗ y for
s ∈ Shom, x ∈ Mhom and y ∈ Nhom. If u : M → M ′ is a morphism in ModG(S) and
v : N → N ′ is a morphism in ModG(R), then the map underlying
h∗(u)⊗ v : h∗(M)⊗R N → h∗(M
′)⊗R N
′
is S-linear and thus defines a morphism M ⊗R N →M
′ ⊗R N in Mod
G(S), denoted by
u⊗ v. These definitions give rise to a bifunctor
• ⊗R : Mod
G(S)×ModG(R)→ ModG(S)
with h∗(•⊗R ) = h∗(•)⊗R . As G-graded tensor products commute with ψ-coarsening
(1.6 A)) it follows that the same holds for the above bifunctor, i.e., there is an isomorph-
ism
(• ⊗R )[ψ] ∼= (•[ψ])⊗R[ψ] ( [ψ]).
B) Taking M = S in A) we get a functor
h∗(•) := S ⊗R • : Mod
G(R)→ ModG(S)
with h∗(h
∗(•)) = h∗(S) ⊗R •, called scalar extension (from R to S) by means of h. It
follows from A) that h∗ commutes with ψ-coarsening, i.e., there is an isomorphism
h∗(•)[ψ] ∼= (h[ψ])
∗(•[ψ]).
Moreover, there is a canonical isomorphism h∗(R) ∼= S in ModG(S).
(2.3) A) For a G-graded S-module M and a G-graded R-module N we define a
G-graded S-module HomGR(M,N) as follows: Its underlying additive group and its
11
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G-graduation are those of HomGR(h∗(M), N); its S-scalar multiplication is given by
(su)(x) = u(sx) for s ∈ Shom, u ∈ HomGR(h∗(M), N)
hom and x ∈ Mhom. If u : M ′ →M
is a morphism in ModG(S) and v : N → N ′ is a morphism in ModG(R), then the map
HomGR(h∗(u), v) : Hom
G
R(h∗(M), N)→ Hom
G
R(h∗(M
′), N ′)
is S-linear and thus defines a morphism HomGR(M,N) → Hom
G
R(M
′, N ′) in ModG(S),
denoted by HomGR(u, v). These definitions give rise to a bifunctor
HomGR(•, ) : Mod
G(S)×ModG(R)→ ModG(S)
with h∗(Hom
G
R(•, )) = Hom
G
R(h∗(•), ). By 1.7 A) there is a canonical monomorphism
of H-graded R[ψ]-modules
βψh∗(M),N : Hom
G
R(h∗(M), N)[ψ] ֌ Hom
H
R[ψ]
(h∗(M)[ψ], N[ψ]).
Its source equals h∗(Hom
G
R(M,N))[ψ], its target equals (h[ψ])∗(Hom
H
R[ψ]
(M[ψ], N[ψ])), and
on use of 2.1 it is readily checked that its underlying map is S-linear. Thus, it defines a
monomorphism of H-graded S[ψ]-modules
βψ,hM,N : Hom
G
R(M,N)[ψ] ֌ Hom
H
R[ψ]
(M[ψ], N[ψ]).
As βψh∗(M),N is natural in M and N , the same holds for β
ψ,h
M,N , and so we get a canonical
monomorphism of bifunctors
βψ,h : HomGR(•, )[ψ] ֌ Hom
H
R[ψ]
(•[ψ], [ψ]).
Clearly, βψ = βψ,IdR . It follows from 1.7 A) that βψ,hM,N is an isomorphism for every
G-graded R-module N if and only if Ker(ψ) is finite or h∗(M) is small.
B) Taking M = S in A) we get a functor
h˜(•) := HomGR(S, •) : Mod
G(R)→ ModG(S)
with h∗(h˜(•)) = Hom
G
R(h∗(S), •), called scalar coextension (from R to S) by means of
h. By A) there is a canonical monomorphism
βψ,hS,• : h˜(•)[ψ] ֌ h˜[ψ](•[ψ]),
and h˜ commutes with ψ-coarsening, i.e., βψ,hS,• is an isomorphism if and only if Ker(ψ) is
finite or h∗(S) is small.
(2.4) Each of the functors h∗, h
∗ and h˜ commutes with shifts, i.e., for g ∈ G there
are isomorphisms of functors h∗(•(g)) ∼= h∗(•)(g), h
∗(•(g)) ∼= h∗(•)(g), and h˜(•(g)) ∼=
h˜(•)(g).
(2.5) A) Let M be a G-graded S-module. One can show analogously to the ungraded
case ([2, II.4.1 Proposition 1]) that there are adjunctions
(
Mod
G(S)
h∗(M⊗S•)
−−−−−−−→ ModG(R),ModG(R)
HomGR(M,•)−−−−−−−→ ModG(S)
)
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and (
Mod
G(R)
M⊗R•−−−−→ ModG(S),ModG(S)
h∗(HomGS (M,•))−−−−−−−−−−→ ModG(R)
)
.
B) Let L and M be G-graded S-modules, and let N be a G-graded R-module. By
A), 1.7 A) and the symmetry of tensor products we have for g ∈ G an isomorphism
Hom
Mod
G(R)
(h∗(L⊗S M), N(g)) ∼= HomModG(S)(L,Hom
G
R(M,N)(g))
in Ab. Taking the direct sum over g ∈ G and keeping in mind 2.3 A) we get an
isomorphism
αhL,M,N : Hom
G
R(L⊗S M,N)
∼=
−→ HomGS (L,Hom
G
R(M,N))
in ModG(S) that is natural in L, M and N . Moreover, there is a commutative diagram
HomGR(M ⊗S L,N)[ψ]
(αhM,L,N )[ψ]
∼=
//

βψ,h
M⊗SL,N

HomGS (L,Hom
G
R(M,N))[ψ]

βψ,h
L,HomG
R
(M,N)

HomHS[ψ](L[ψ],Hom
G
R(M,N)[ψ])

HomHS[ψ]
(L[ψ],β
ψ,h
M,N
)

HomHR[ψ](M[ψ] ⊗S[ψ] L[ψ], N[ψ])
αhM[ψ],L[ψ],N[ψ]
∼=
// HomHS[ψ](L[ψ],Hom
H
R[ψ]
(M[ψ], N[ψ]))
in ModH(S[ψ]). If Ker(ψ) is finite or h∗(L) and h∗(M) are small, then all the vertical
monomorphisms are isomorphisms (1.8 C), 2.3 A)).
(2.6) A) Let L and N be G-graded S-modules, and let M be a G-graded R-module.
There is a morphism
πhL,M,N : Hom
G
R(L,M)⊗S N → Hom
G
S (L,M ⊗R N)
in ModG(S) with u ⊗ x 7→ (y 7→ u(y) ⊗ x) for u ∈ HomGR(L,M)
hom, x ∈ Nhom and
y ∈ Lhom that is natural in L, M and N . Moreover, there is a commutative diagram
(HomGR(L,M) ⊗S N)[ψ]
(pihL,M,N )[ψ] //
βψ,h
L,M
⊗S[ψ]
N[ψ]

HomGS (L,M ⊗R N)[ψ]

βψ,h
L,M⊗RN

HomHR[ψ](L[ψ],M[ψ])⊗S[ψ] N[ψ]
pi
h[ψ]
L[ψ],M[ψ],N[ψ] // HomHS[ψ](L[ψ],M[ψ] ⊗R[ψ] N[ψ])
in ModH(S[ψ]). If Ker(ψ) is finite or h∗(L) is small, then both vertical morphisms are
isomorphisms (2.3 A)).
B) Let L be a G-graded S-module, and let M and N be G-graded R-modules. By A)
and 2.3 A) there is a morphism
πIdRh∗(L),M,N : h∗(Hom
G
R(L,M))⊗R N → h∗(Hom
G
R(L,M ⊗R N))
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in ModG(R) that is S-linear. Thus, there is a morphism
νhL,M,N : Hom
G
R(L,M)⊗R N → Hom
G
R(L,M ⊗R N)
in ModG(S) with h∗(ν
h
L,M,N ) = π
IdR
h∗(L),M,N
that is natural in L, M and N . Moreover,
there is a commutative diagram
(HomGR(L,M)⊗R N)[ψ]
(νhL,M,N )[ψ] //
βψ,h
L,M
⊗R[ψ]
N[ψ]

HomGR(L,M ⊗R N)[ψ]

βψ,h
L,M⊗RN

HomHR[ψ](L[ψ],M[ψ])⊗R[ψ] N[ψ]
νhL[ψ],M[ψ],N[ψ] // HomHR[ψ](L[ψ],M[ψ] ⊗R[ψ] N[ψ])
in ModH(S[ψ]). If Ker(ψ) is finite or h∗(L) is small, then both vertical morphisms are
isomorphisms (2.3 A)).
C) Let M be a G-graded S-module and let N be a G-graded R-module. There is a
morphism
µhM,N : M ⊗R N → Hom
G
R(Hom
G
R(M,R), N)
inModG(S) with x⊗y 7→ (u 7→ u(x)y) for x ∈Mhom, y ∈ Nhom and u ∈ HomGR(M,R)
hom
that is natural in M and N . Moreover, there is a commutative diagram
(M ⊗R N)[ψ]
(µhM,N )[ψ] //
µ
h[ψ]
M[ψ],N[ψ] 
HomGR(Hom
G
R(M,R), N)[ψ]

βψ,h
HomG
R
(M,R),N

HomHR[ψ](Hom
H
R[ψ]
(M[ψ], R[ψ]), N[ψ]) //
HomHR[ψ]
(βψ,h
M,R
,N[ψ])
// HomHR[ψ](Hom
G
R(M,R)[ψ], N[ψ])
in ModH(S[ψ]). If Ker(ψ) is finite or h∗(M) is projective and of finite type, then the
lower horizontal and the right vertical morphism are isomorphisms (1.15 a), 2.3 A)).
D) For G-graded R-modules M and N there is a commutative diagram
M ⊗R N
µ
IdR
M,N //
τM⊗RN
))❚❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚❚
❚
HomGR(Hom
G
R(M,R), N)
HomGR(Hom
G
R(M,R), R) ⊗R N
ν
IdR
HomG
R
(M,R),R,N
33❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
in ModG(R).
(2.7) Proposition Let L be a G-graded S-module, and let M and N be G-graded
R-modules. If N is projective then νhL,M,N is a monomorphism. If h∗(L) or N is pro-
jective and of finite type, or if h∗(L) is small and N is projective, then ν
h
L,M,N is an
isomorphism.3
3For G = 0 the last statement generalises [2, II.4 Exercice 3].
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Proof. Let L′ be a further G-graded S-module and let N ′ be a further G-graded R-
module. Then, there are commutative diagrams
HomGR(L⊕ L
′,M)⊗R N
νh
L⊕L′,M,N

∼= // (HomGR(L,M)⊗R N)⊕ (Hom
G
R(L
′,M)⊗R N)
νhL,M,N⊕ν
h
L′,M,N

HomGR(L⊕ L
′,M ⊗R N)
∼= // HomGR(L,M ⊗R N)⊕Hom
G
R(L
′,M ⊗R N)
and
HomGR(L,M)⊗R (N ⊕N
′)
νh
L,M,N⊕N′

∼= // (HomGR(L,M)⊗R N)⊕ (Hom
G
R(L,M)⊗R N
′)
νhL,M,N⊕ν
h
L,M,N′

HomGR(L,M ⊗R (N ⊕N
′))
∼= // HomGR(L,M ⊗R N)⊕Hom
G
R(L,M ⊗R N
′)
in ModG(S) where the unmarked morphisms are the canonical ones. It follows that
νhL⊕L′,M,N is a mono- or isomorphism if and only if both ν
h
L,M,N and ν
h
L′,M,N are so, and
that νhL,M,N⊕N ′ is a mono- or isomorphism if and only if both ν
h
L,M,N and ν
h
L,M,N ′ are
so.
If N is projective, then N[0] is projective and hence flat (1.6 B), 1.7 B)), so that
β0L,M ⊗R[0] N[0] is a monomorphism (2.3 A)) and that ν
h
L[0],M[0],N[0]
is a monomorphism
by the corresponding ungraded statement ([2, II.4.2 Proposition 2]). Now, νhL,M,N is a
monomorphism by 2.6 B).
If h∗(L) or N is projective and of finite type, then by the first paragraph we can
suppose first that it is free of finite rank, and second that it equals R, in which case
the claim is clear. So, suppose that h∗(L) is small and N is projective. By the first
paragraph we can suppose that N =
⊕
i∈I R(gi) for a family (gi)i∈I in G. Then, there
is a commutative diagram
HomGR(h∗(L),M) ⊗R (
⊕
i∈I R(gi))
ν
IdR
h∗(L),M,N//
∼= 
HomGR(h∗(L),M ⊗R (
⊕
i∈I R(gi)))
∼=⊕
i∈I Hom
G
R(h∗(L),M(gi))
//
Λh∗(L),(M(gi))i∈I
∼=
// HomGR(h∗(L),
⊕
i∈I M(gi))
inModG(R), where the vertical morphisms are the canonical ones (1.6 A), 1.7 A), 1.8 A)).
The claim follows now since νIdRh∗(L),M,N = h∗(ν
h
L,M,N) and h∗ is conservative (2.1). 
(2.8) Corollary Let M and N be G-graded R-modules. If M and N are projective
then µIdRM,N is a monomorphism. If M is projective and of finite type then µ
IdR
M,N is an
isomorphism.
Proof. The first claim follows from 1.7 B), 1.14, 2.6 D) and 2.7. The second claim follows
from 1.14, 1.15 b), 2.6 D) and 2.7. 
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3. Adjunctions
(3.1) A) For a G-graded R-module M there are morphisms
ρhM : M → h∗(h
∗(M)), x 7→ 1S ⊗ x
and
σ˜hM : h∗(h˜(M))→M, u 7→ u(1S)
in ModG(R) that are natural in M . For a G-graded S-module N there are morphisms
σhN : h
∗(h∗(N))→ N,
∑
i∈I
si ⊗ xi 7→
∑
i∈I
sixi
and
ρ˜hN : N → h˜(h∗(N)), x 7→ h∗(s 7→ sx)
in ModG(S) that are natural in N . Altogether we have morphisms of functors
ρh : Id
Mod
G(R) → h∗ ◦ h
∗, σh : h∗ ◦ h∗ → IdModG(S),
ρ˜h : Id
Mod
G(S) → h˜ ◦ h∗, σ˜
h : h∗ ◦ h˜→ IdModG(R).
Moreover, if g ∈ G then ρhM (g) = ρ
h
M(g), σ
h
N (g) = σ
h
N(g), ρ˜
h
N (g) = ρ˜
h
N(g), and σ˜
h
M (g) =
σ˜hM(g).
B) By 2.1 and 2.2 B) there are isomorphisms of functors
h∗(h
∗(•))[ψ] ∼= (h[ψ])∗((h[ψ])
∗(•[ψ])) and h
∗(h∗(•))[ψ] ∼= (h[ψ])
∗((h[ψ])∗(•[ψ]))
such that the diagrams of functors
h∗(h∗(•))[ψ]
•[ψ]◦σ
h
//
∼=

•[ψ] •[ψ]
•[ψ]◦ρ
h
//
ρ
h[ψ]◦•[ψ]
**
h∗(h
∗(•))[ψ]
∼=

(h[ψ])
∗((h[ψ])∗(•[ψ])) σ
h[ψ]◦•[ψ]
;;
(h[ψ])∗((h[ψ])
∗(•[ψ]))
commute.
C) By 2.1 and 2.3 B) there are monomorphisms of functors
h∗(h˜(•))[ψ] ֌ (h[ψ])∗(h˜[ψ](•[ψ])) and h˜(h∗(•))[ψ] ֌ h˜[ψ]((h[ψ])∗(•[ψ]))
such that the diagrams of functors
h∗(h˜(•))[ψ]


•[ψ]◦σ˜
h
// •[ψ] •[ψ]
•[ψ]◦ρ˜
h
//
ρ˜
h[ψ]◦•[ψ]
**
h˜(h∗(•))[ψ]


(h[ψ])∗(h˜[ψ](•[ψ]))
σ˜
h[ψ]◦•[ψ]
<<
h˜[ψ]((h[ψ])∗(•[ψ]))
commute. Each of these monomorphisms is an isomorphism if and only if Ker(ψ) is
finite or h∗(S) is small.
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(3.2) Theorem There are an adjunction
(
Mod
G(R)
h∗
−→ ModG(S),ModG(S)
h∗−→ ModG(R)
)
with unit ρh and counit σh, and an adjunction
(
Mod
G(S)
h∗−→ ModG(R),ModG(R)
h˜
−→ ModG(S)
)
with unit ρ˜h and counit σ˜h.
Proof. This is readily checked on use of 1.1 A). 
(3.3) Corollary There are isomorphisms
h∗(Hom
G
S (h
∗(•), )) ∼= HomGR(•, h∗( )) and Hom
G
R(h∗(•), )
∼= h∗(Hom
G
S (•, h˜( ))).
Proof. This is readily checked on use of 2.4 and 3.2. 
(3.4) Corollary If l : S → T is a further morphism of G-graded rings, then (l ◦ h)∗ =
h∗ ◦ l∗, and there are isomorphisms of functors (l ◦ h)
∗ ∼= l∗ ◦ h∗ and l˜ ◦ h ∼= l˜ ◦ h˜.
Proof. The first claim follows immediately from the definition of h∗ (2.1). Together with
3.2 and 1.1 B), C) it implies the other claims. 
(3.5) Corollary σh is an epimorphism and ρ˜h is a monomorphism.
Proof. Since h∗ is faithful (2.1), this follows immediately from 1.1 E) and 3.2. 
(3.6) Proposition a) ρh is a mono-, epi- or isomorphism if and only if h is pure, an
epimorphism, or an isomorphism.
b) σ˜h is a mono-, epi- or isomorphism, resp., if and only if h is an epimorphism, a
section, or an isomorphism, resp.
Proof. a) We have a commutative diagram
Id
Mod
G(R)(•)
ρh //
∼=

h∗(h
∗(•))
R⊗R •
h⊗R• // h∗(S)⊗R •
of functors, where the left vertical morphism is the canonical one (2.2 A)). Therefore, ρh
is a mono-, epi- or isomorphism if and only if h⊗R • is so, thus if and only if h is pure,
an epi-, or an isomorphism.
b) We have a commutative diagram
h∗(h˜(•))
σ˜h // Id
Mod
G(R)(•)
HomGR(h∗(S), •)
HomGR(h,•) // HomGR(R, •)
∼=
OO
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of functors, where the right vertical morphism is the canonical one. Therefore, σ˜h
is a mono-, epi- or isomorphism if and only if HomGR(h, •) is so, hence if and only
if Hom
Mod
G(R)
(h, •) is a mono-, epi- or isomorphism, and thus if and only if h is an
epimorphism, a section, or an isomorphism. 
(3.7) Corollary a) ρh is a mono-, epi- or isomorphism if and only if ρh[ψ] is so.
b) σ˜h is a mono-, epi- or isomorphism if and only if σ˜h[ψ] is so.
Proof. This follows from 1.3, 1.4, 1.6 C), and 3.6. 
(3.8) A) If M is a small G-graded R-module then h∗(M) is small by 1.8 A) and the
corresponding ungraded result ([12, 3◦]). The converse need not hold; an (ungraded)
counterexample is given by the canonical bimorphism h : Z →֒ Q and the non-small
Z-module M = (Z/2Z)⊕N, for h∗(M) = 0 is small.
B) If N is a G-graded S-module such that h∗(N) is small, then N is small. Indeed,
by 1.8 A) we can suppose that G = 0. If h∗(N) is small, then so is h
∗(h∗(N)) by A),
and since σhN : h
∗(h∗(N)) → N is an epimorphism (3.5) it follows from [12, 2
◦] that N
is small. The converse need not hold; an (ungraded) counterexample is given by the
canonical bimorphism h : Z →֒ Q and the small Q-module Q, for h∗(Q) is not small.
C) If h∗(S) is projective and of finite type and M is a small G-graded R-module, then
h˜(M) is small by 1.15 a) and B).
(3.9) Proposition a) h∗ commutes with inductive and projective limits, h
∗ commutes
with inductive limits, and h˜ commutes with projective limits.
b) h∗ is exact if and only if h∗(S) is flat, commutes with products if and only if h∗(S)
is of finite presentation, and commutes with projective limits if and only if h∗(S) is
projective and of finite type.
c) h˜ is exact if and only if h∗(S) is projective, commutes with direct sums if and only
if h∗(S) is small, and commutes with inductive limits if and only if h∗(S) is projective
and of finite type.
Proof. a) follows from 1.1 D) and 3.2.
b) h∗ is exact if and only if h∗(S) ⊗R • is so (2.1, 2.2 A), a)), hence if and only if
h∗(S) is flat. It commutes with products if and only if h∗(S)⊗R • does so (2.2 A), a)),
and thus the second claim follows from 1.10 b). The last claim follows from b), c), 1.1
F) and 1.7 B).
c) h˜ is exact if and only if HomGR(h∗(S), •) is so (2.1, 2.3 A), a)), hence if and only if
h∗(S) is projective (1.7 B)). It commutes with direct sums if and only if Hom
G
R(h∗(S), •)
does so (2.3 A), a)), hence if and only if h∗(S) is small (1.8 A)). The last claim follows
from b), c), 1.1 F) and 1.8 A). 
(3.10) Corollary a) h∗ is exact, commutes with products, or commutes with projective
limits if and only if (h[ψ])
∗ has the same property.
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b) h˜ is exact, commutes with direct sums, or commutes with inductive limits if and
only if h˜[ψ] has the same property.
Proof. Since h∗ commutes with ψ-coarsening (2.1), this follows from 1.5, 1.6 B), 1.7 B),
1.8 A), and 3.9. 
(3.11) Corollary The following statements are equivalent: (i) h∗ has a left adjoint;
(ii) h˜ has a right adjoint; (iii) The G-graded R-module h∗(S) is projective and of finite
type.
Proof. Immediately from 1.1 D) and 3.9. 
(3.12) We define functors
h+(•) := h∗(• ⊗S h˜(R)) : Mod
G(S)→ ModG(R)
and
h+(•) := h∗(Hom
G
S (h˜(R), •)) : Mod
G(S)→ ModG(R).
By 2.5 A), h+ has a right adjoint, namely Hom
G
R(h˜(R), •), and h
+ has a left adjoint,
namely h˜(R)⊗R •.
(3.13) Proposition If h∗(S) is projective and of finite type, then there are adjunctions
(
Mod
G(S)
h+
−→ ModG(R),ModG(R)
h∗
−→ ModG(S)
)
and (
Mod
G(R)
h˜
−→ ModG(S),ModG(S)
h+
−→ ModG(R)
)
.
Proof. For a G-graded R-moduleM , the isomorphisms h∗(µ
h
S,M) = µ
IdR
h∗(S),M
inModG(R)
and νhS,R,M in Mod
G(S) (2.7, 2.8) give rise to isomorphisms
h∗(M)
∼=
−→ HomGR(h˜(R),M) and h˜(R)⊗RM
∼=
−→ h˜(M)
in ModG(S) that are natural in M . Thus, 3.12 yields the desired adjunctions. 
(3.14) Corollary There is an isomorphism h∗ ∼= h˜ if and only if h∗(S) is projective
and of finite type and h˜(R) ∼= S.4
Proof. Necessity follows from 3.2 and 3.11 since h∗(R) ∼= S (2.2 B)). Sufficiency follows
from 3.12 and 3.13. 
4. Interplay with tensor and Hom, and epimorphisms
(4.1) A) Let M and N be G-graded R-modules. There is a morphism
δhM,N : h
∗(M)⊗S h
∗(N)→ h∗(M ⊗R N)
4For G = 0 this is contained in [10, Theorem 4.1].
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in ModG(S) with (r ⊗ x) ⊗ (s ⊗ y) 7→ (rs) ⊗ (x ⊗ y) for r, s ∈ Shom, x ∈ Mhom and
y ∈ Nhom, and this is natural in M and N . Moreover, there is a morphism
δ
h
M,N : h
∗(M ⊗R N)→ h
∗(M)⊗S h
∗(N)
in ModG(S) with s ⊗ (x ⊗ y) 7→ s((1S ⊗ x) ⊗ (1S ⊗ y)) for s ∈ S
hom, x ∈ Mhom and
y ∈ Nhom. As δhM,N and δ
h
M,N are mutually inverse, we have an isomorphism
δh : h∗(•)⊗S h
∗( )
∼=
−→ h∗(• ⊗R ).
B) Since ψ-coarsening commutes with tensor products and scalar extension (1.6 A),
2.2 B)), we have a commutative diagram
(h∗(M)⊗S h
∗(N))[ψ] ∼=
(δh
M,N
)[ψ]
//
∼=

h∗(M ⊗R N)[ψ]
∼=

(h[ψ])
∗(M[ψ])⊗S[ψ] (h[ψ])
∗(N[ψ]) ∼=
δ
h[ψ]
M[ψ],N[ψ] // (h[ψ])
∗(M[ψ] ⊗R[ψ] N[ψ])
in ModH(S[ψ]), where the vertical morphisms are the canonical ones.
(4.2) A) Let M and N be G-graded S-modules. There is an epimorphism
γhM,N : h∗(M)⊗R h∗(N)։ h∗(M ⊗S N)
in ModG(R) with x⊗y 7→ x⊗y for x ∈ h∗(M)
hom and y ∈ h∗(N)
hom, and this is natural
in M and N . Therefore, we have an epimorphism
γh : h∗(•)⊗R h∗( )։ h∗(• ⊗S ).
Furthermore, we have γhS,N = h∗(σ
h
N ) (3.1 A)).
B) Since ψ-coarsening commutes with tensor products and scalar restriction (1.6 A),
2.1), we have a commutative diagram
(h∗(M)⊗R h∗(N))[ψ]
(γhM,N )[ψ] // //
∼=

h∗(M ⊗S N)[ψ]
∼=

(h[ψ])∗(M[ψ])⊗R[ψ] (h[ψ])∗(N[ψ])
γ
h[ψ]
M[ψ],N[ψ] // // (h[ψ])∗(M[ψ] ⊗S[ψ] N[ψ])
in ModH(R[ψ]), where the vertical morphisms are the canonical ones.
(4.3) A) Let M and N be G-graded R-modules. There is a morphism
εhM,N : h˜(M)⊗S h˜(N)→ h˜(M ⊗R N)
in ModG(S) with u ⊗ v 7→ (s 7→ u(s) ⊗ v(1S)) for u ∈ h˜(M)
hom, v ∈ h˜(N)hom and
s ∈ Shom, and this is natural in M and N . Therefore, we have a morphism
εh : h˜(•)⊗S h˜( )→ h˜(• ⊗R ).
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B) Since ψ-coarsening commutes with tensor products (1.6 A)) it follows from 2.3 A)
that we have a commutative diagram
(h˜(M)⊗S h˜(N))[ψ]
(εh
M,N
)[ψ]
//


h˜(M ⊗R N)[ψ]


h˜[ψ](M[ψ])⊗S[ψ] h˜[ψ](N[ψ])
ε
h[ψ]
M[ψ],N[ψ] // h˜[ψ](M[ψ] ⊗R[ψ] N[ψ])
in ModH(S[ψ]), where the vertical morphisms are induced by β
ψ,h
S,M ⊗S[ψ] β
ψ,h
S,N and
βψ,hS,M⊗RN . If Ker(ψ) is finite or h∗(S) is small, then the vertical morphisms are iso-
morphisms.
C) On use of the symmetry of tensor products and the canonical isomorphism
HomGS (S, •)
∼= Id
Mod
G(S) it is readily checked that there is a commutative diagram
h˜(M)⊗S h˜(N)
εh
M,N //
pih
S,M,h˜(N)
''PP
PP
PP
PP
PP
PP
h˜(M ⊗R N)
M ⊗R h˜(N)
νh
S,N,M
77♦♦♦♦♦♦♦♦♦♦♦
in ModG(S).
D) The morphism εh need not be an epimorphism. Indeed, let R be a finite nonzero
ring, and let h : R→ R[X] be the polynomial algebra in one indeterminate over R. The
R-module R⊕N is countable but not of finite type. The first part of the proof of 1.10
a) shows that the canonical morphism of R-modules κR⊕N,(R)i∈N : (R
N) ⊗R (R
⊕N) →
(R⊕N)N (1.9 A)) is not an epimorphism. But up to the isomorphism HomGR(R[X], •)
∼=
•N, this morphism equals νh
R[X],R,R⊕N
, and thus C) implies that εh
R⊕N,R
is not an epi-
morphism.
E) The morphism εh need not be a monomorphism. Indeed, let K be a field, let
R := K[X]/〈X3〉, let Y denote the canonical image of X in Y , let a := 〈Y 2〉R, and let
h : R։ R/a be the canonical projection. Then, πh
R/a,R,h˜(R/a)
takes the form (0 :R a)→
R/a, x 7→ x+ a, hence maps Y 6= 0 to 0, and thus is not a monomorphism. Therefore,
C) implies that εhR,R/a is not a monomorphism either.
(4.4) A) LetM and N be G-graded S-modules. There is a monomorphism of G-graded
R-modules
ηhM,N : h∗(Hom
G
S (M,N))֌ Hom
G
R(h∗(M), h∗(N)), u 7→ h∗(u)
in ModG(R), and this is natural in M and N . Therefore, we have a monomorphism
ηh : h∗(Hom
G
S (•, ))֌ Hom
G
R(h∗(•), h∗( )).
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Furthermore, identifying N and HomGS (S,N) by means of the canonical isomorphism we
have ηhS,N = h∗(ρ˜
h
N ) (3.1 A)).
5
B) Since ψ-coarsening commutes with scalar restriction (2.1) it follows from 1.7 A)
and 3.9 a) that we have a commutative diagram
h∗(Hom
G
S (M,N))[ψ]
//
(ηhM,N )[ψ] //

(h[ψ])∗(β
ψ
M,N
)

HomGR(h∗(M), h∗(N))[ψ]

βψ
h∗(M),h∗(N)

(h[ψ])∗(Hom
H
S[ψ]
(M[ψ], N[ψ])) //
η
h[ψ]
M[ψ],N[ψ] // HomHR[ψ]((h[ψ])∗(M[ψ]), (h[ψ])∗(N[ψ]))
in ModH(R[ψ]). If Ker(ψ) is finite or h∗(M) is small, then both vertical morphisms are
isomorphisms (1.7 A), 3.8 B)).
(4.5) A) Let M and N be G-graded R-modules. There is a morphism
ϑhM,N : h
∗(HomGR(M,N))→ Hom
G
S (h
∗(M), h∗(N))
in ModG(S) with s ⊗ u 7→ (r ⊗ x 7→ (rs) ⊗ u(x)) for r, s ∈ Shom, u ∈ HomGR(M,N)
hom
and x ∈Mhom, and this is natural in M and N . Therefore, we have a morphism
ϑh : h∗(HomGR(•, ))→ Hom
G
S (h
∗(•), h∗( )).
B) Since ψ-coarsening commutes with scalar extension (2.2 B)) it follows from 1.7 A)
that we have a commutative diagram
h∗(HomGR(M,N))[ψ]
(ϑhM,N )[ψ] //
(h[ψ])
∗(βψ
M,N
)

HomGS (h
∗(M), h∗(N))[ψ]

βψ
h∗(M),h∗(N)

(h[ψ])
∗(HomHR[ψ](M[ψ], N[ψ]))
ϑ
h[ψ]
M[ψ],N[ψ] // HomHS[ψ]((h[ψ])
∗(M[ψ]), (h[ψ])
∗(N[ψ]))
in ModH(S[ψ]). If Ker(ψ) is finite or M is small, then the vertical morphisms are iso-
morphisms (1.7 A), 3.8 A)).
C) The morphism of functors ϑh need be neither a mono- nor an epimorphism. For
an (ungraded) counterexample (cf. [2, II.5 Exercice 1]), let R = Z/4Z and S = Z/2Z,
and let h : R → S denote the canonical projection with kernel a = 2Z/4Z. Consider
the R-modules M = h∗(S) and N = R. Then, h
∗(N) ∼= S (2.2 B)), and since aS = 0
we have h∗(M) ∼= S. It follows that HomGS (h
∗(M), h∗(N)) ∼= HomGS (S, S)
∼= S 6= 0.
There is a non-zero morphism of R-modules u : h∗(S)→ R with u(1) = 2, and we have
HomGR(M,N) = {0, u} 6= 0. Since au = 0 it follows that h
∗(HomGR(M,N))
∼= S 6= 0.
Now, we have ϑhM,N(1S ⊗u)(1S ⊗ 1) = h(u(1)) = h(2) = 0, hence ϑ
h
M,N(u⊗ 1S) = 0, and
thus ϑhM,N = 0. In particular, ϑ
h
M,N is neither a mono- nor an epimorphism.
5Since h∗ is faithful (2.1) and η
h is a monomorphism, this implies again that ρ˜h is a monomorphism
(3.5).
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(4.6) Proposition Let M and N be G-graded R-modules. Then, ϑhM,N is a mono-,
epi- or isomorphism if and only if νIdRM,N,h∗(S) is so.
Proof. By 3.3 there is an isomorphism
h∗(Hom
G
S (h
∗(M), h∗(N)))
∼=
−→ HomGR(M,h∗(h
∗(N)))
in ModG(R). So, by 2.2 B) and the symmetry of tensor products we have a commutative
diagram
h∗(h
∗(HomGR(M,N)))
h∗(ϑhM,N ) //
∼=

h∗(Hom
G
S (h
∗(M), h∗(N)))
∼=

HomGR(M,N)⊗R h∗(S)
ν
IdR
M,N,h∗(S) // HomGR(M,N ⊗R h∗(S)).
Since h∗ is faithful and conservative (2.1) this yields the claim. 
(4.7) Corollary a) If h∗(S) is projective, then ϑ
h is a monomorphism. If h∗(S) is
projective and of finite type, then ϑh is an isomorphism.
b) Let M be a G-graded R-module. If M is projective and of finite type, or if M is
small and h∗(S) is projective, then ϑ
h
M,N is an isomorphism for every G-graded R-module
N .6
Proof. a) Immediately from 2.7 and 4.6. 
(4.8) Theorem The following statements are equivalent:7 (i) h is an epimorphism;
(ii) σhS is an isomorphism; (iii) σ
h is an isomorphism; (iv) ρ˜h is an isomorphism;
(v) γh is an isomorphism; (vi) ηh is an isomorphism; (vii) ηhS,• is an isomorphism.
Proof. “(i)⇒(ii)”: Suppose that h is an epimorphism. The morphisms of G-graded R-
algebras S → S ⊗R S, s 7→ s ⊗ 1S and S → S ⊗R S, s 7→ 1S ⊗ s coincide, as their
compositions with h coincide. Thus, Ker(σhS) = 〈s⊗ 1S − 1S ⊗ s | s ∈ S
hom〉S = 0, hence
σhS is a mono- and therefore an isomorphism (3.5).
“(ii)⇒(iii)”: For a G-graded S-module M we have h∗(σ
h
M ) ◦ ρ
h
h∗(M)
= Idh∗(M) (3.2).
So, since h∗ is conservative (2.1), σ
h
M is an isomorphism if and only if ρ
h
h∗(M)
is an epi-
morphism. Suppose now that σhS is an isomorphism. Then, ρ
h
h∗(S)(g)
is an epimorphism
for every g ∈ G (3.1 A)). Let M be a G-graded S-module. There exist a family (gi)i∈I
in G and an epimorphism p :
⊕
i∈I S(gi) ։ M in Mod
G(S). Keeping in mind 2.4 and
6For G = 0, b) generalises [2, II.5.3 Proposition 7].
7For G = 0, the implication (i)⇒(v) generalises [2, II.3.3 Proposition 2 Corollaire] and [3, II.2.7 Propos-
ition 18], while the equivalence (i)⇔(ii) is contained in [13, The´ore`me 1].
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3.9 a) we get a commutative diagram
⊕
i∈I h∗(S)(gi)
⊕
i∈I ρ
h
h∗(S)(gi) // //
∼=

⊕
i∈I(h∗(S)⊗R h∗(S)(gi))
∼=

h∗(
⊕
i∈I S(gi))
ρh
h∗(
⊕
i∈I S(gi)) //
h∗(p)

h∗(S)⊗R h∗(
⊕
i∈I S(gi))
h∗(h∗(h∗(p)))

h∗(M)
ρh
h∗(M) // h∗(S)⊗R h∗(M)
in ModG(R), where the unmarked morphisms are the canonical ones. It follows that
ρhh∗(M) is an epimorphism, and thus σ
h
M is an isomorphism.
“(iii)⇒(i)”: If σh is an isomorphism then so is σ
h[0]
S[0]
= (σhS)[0] (3.1 B)), thus h[0] is an
epimorphism by the corresponding ungraded statement ([13, The´ore`me 1]), and therefore
h is an epimorphism.
“(iii)⇒(v)”: Let M and N be G-graded S-modules. Keeping in mind 2.2 B) and the
associativity of tensor products we get a commutative diagram
h∗(M)⊗R h∗(N)
γhM,N // h∗(M ⊗R N)
h∗(h
∗(h∗(M))) ⊗R h∗(N)
h∗(σhM )⊗Rh∗(N)
OO
h∗(h
∗(h∗(M))⊗S h
∗(h∗(N)))
h∗(σhM⊗Sσ
h
N
)
OO
h∗(S)⊗R h∗(M)⊗R h∗(N)
∼=
OO
∼= // h∗(h
∗(h∗(M)⊗R h∗(N)))
∼= h∗(δ
h
h∗(M),h∗(N)
)
OO
in ModG(R), where the unmarked morphisms are the canonical ones. If σh is an iso-
morphism, then so are all the vertical morphisms in the above diagram, and thus γhM,N
is an isomorphism, too.
“(v)⇒(iii)”: If γh is an isomorphism, then so is γhS,N = h∗(σ
h
N ) for every G-graded
S-module N (4.2 A)). As h∗ is conservative (2.1) it follows that σ
h is an isomorphism.
“(iii)⇔(vii)”: For G-graded S-modules M and N we have a commutative diagram
Hom
Mod
G(S)
(M,N)
u 7→h∗(u) //
Hom
ModG(S)
(σhM ,N)

Hom
Mod
G(R)
(h∗(M), h∗(N))
Hom
Mod
G(S)
(h∗(h∗(M)), N)
∼=
33❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
in Ab, where the unmarked morphism is given by the adjunction (h∗, h∗) (3.2). The
morphism σh is an isomorphism if and only if Hom
Mod
G(S)
(σhM , N) is an isomorphism
for all G-graded S-modules M and N , hence if and only if the horizontal morphism in
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the above diagram is an isomorphism for all G-graded S-modules M and N . By 2.4 this
is equivalent to ηh being an isomorphism.
“(iv)⇔(vii)”: This follows from the facts that ηhS,N = h∗(ρ˜
h
N ) for every G-graded
S-module N (4.4 A)) and that h∗ is conservative (2.1).
“(vi)⇒(vii)”: Clear.
“(vii)⇒(vi)”: Let M be a G-graded S-module. There exist a free G-graded S-module
L and an epimorphism p : L։M in ModG(S), yielding a commutative diagram
h∗(Hom
G
S (M, •))
//
ηhM,• //

h∗(HomGS (p,•))

HomGR(h∗(M), h∗(•))

HomGR(h∗(p),h∗(•))

h∗(Hom
G
S (L, •))
//
ηhL,• // HomGR(h∗(L), h∗(•)).
Let N be a G-graded S-module, and let u ∈ HomGR(h∗(M), h∗(N)) be such that the map
underlying u ◦ h∗(p) is S-linear. If x ∈M
hom and s ∈ Shom, then there exists y ∈ Lhom
with x = p(y), and it follows u(sx) = u(sp(y)) = u(p(sy)) = su(p(y)) = su(x). Thus,
the map underlying u is S-linear. This shows that the above diagram of functors is
cartesian. Hence, we may replace M by L and thus suppose that M is free ([17, 08N4]).
So, there exists a family (gi)i∈I in G with M =
⊕
i∈I S(gi). By 2.4 and 3.9 a) there is a
commutative diagram
h∗(Hom
G
S (
⊕
i∈I S(gi), •))
//
ηh⊕
i∈I S(gi),• //
∼= 
HomGR(h∗(
⊕
i∈I S(gi)), h∗(•))
∼=∏
i∈I h∗(Hom
G
S (S, •))(−gi)
//
∏
i∈I η
h
S,•
(−gi)
//
∏
i∈I Hom
G
R(h∗(S), h∗(•))(−gi),
where the vertical morphisms are the canonical ones. If ηhS,• is an isomorphism, then
so is
∏
i∈I η
h
S,•(−gi), and the above diagram implies that η
h
M,• = η
h⊕
i∈I S(gi),•
is an iso-
morphism, too. 
(4.9) Corollary The morphism of G-graded rings h is an epimorphism if and only if
the morphism of H-graded rings h[ψ] is an epimorphism.
Proof. Immediately from 3.1 B) and 4.8. 
(4.10) Corollary σh, γh, ηh and ρ˜h are isomorphisms if and only if σh[ψ], γh[ψ], ηh[ψ]
and ρ˜h[ψ] are so.
Proof. Immediately from 4.8 and 4.9. 
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